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a b s t r a c t
As shown in [D. Hoffman, H. Jordon, Signed graph factors and degree sequences, J. Graph
Theory 52 (2006) 27–36], the degree sequences of signed graphs can be characterized by a
system of linear inequalities. The set of all n-tuples satisfying this system of linear inequal-
ities is a polytope Pn. In this paper, we show that Pn is the convex hull of the set of degree
sequences of signed graphs of order n. We also determine many properties of Pn, including
a characterization of its vertices. The convex hull of imbalance sequences of digraphs is also
investigated using the characterization given in [D. Mubayi, T.G. Will, D.B. West, Realizing
degree imbalances of directed graphs, Discrete Math. 239 (2001) 147–153].
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
A graph consists of a finite, non-empty set of vertices and finite set of edges, where each edge is an unordered pair of
distinct vertices. In this paper, all graphs are simple, that is, without multiple edges and loops. A signed graph is a graph with
each edge being designated either positive or negative. An edge of a signed graph between vertices u, v with a positive sign
will be denoted by uv+, while a negative edge will be denoted by uv−. A digraph consists of a finite non-empty set of vertices
and finite set of arcs, where each arc is an ordered pair of distinct vertices.
The degree of a vertex v in a graph G, denoted deg(v), is the number of edges of G incident to v. For a vertex v of
a signed graph G, we denote by d+(v) the number of positive edges of G incident with v, and we denote by d−(v) the
number of negative edges of G incident with v. In [1], the signed degree sdeg(v) of a vertex v in a signed graph G is
sdeg(v) = d+(v) − d−(v). Clearly, sdeg(v) may be positive, negative, or zero. Note that in the graph underlying a signed
graph, deg(v) = d+(v) + d−(v) so that the signed degree and degree of a vertex v are of the same parity. For a vertex v
of a digraph D, the outdegree of v, denoted by outdeg(v), is the number of arcs of D pointing out of v, and, the indegree of
a vertex v, denoted indeg(v), is the number of arcs of D pointing into v. The imbalance b(v) of vertex v in a digraph D is
b(v) = outdeg(v)− indeg(v).
A sequence d1, d2, . . . , dn of non-negative integers is a degree sequence of a graph G with n vertices if the vertices of G
can be labeled with v1, v2, . . . , vn so that deg(vi) = di for 1 ≤ i ≤ n. The signed degree sequence of a signed graph and
the imbalance sequence of a digraph are similarly defined. Note that pairs of oppositely signed edges have no effect on the
signed degree sequence of a signed graph and so their presence is irrelevant, and, pairs of opposed arcs have no effect on
the imbalance sequence of a digraph and so their presence is irrelevant.
A set P ⊆ Rn is said to be a polyhedral set if P is the solution set of a finite number of linear inequalities in n variables.
A polytope is a bounded polyhedral set. For a polytope P , σ ∈ P is a vertex (extreme point) if for all distinct y, z ∈ P and
t ∈ [0, 1], we have σ 6= (1− t)y+ tz. Equivalently, as given in [7], σ ∈ P is a vertex if there do not exist y, z ∈ P with y 6= z
such that σ = (1/2)y+ (1/2)z.
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Necessary and sufficient conditions for a sequence of non-negative integers to be the degree sequence of a graph were
found independently by Havel [5] and Hakimi [4]. Another characterizationwas given by Erdős and Gallai [3], and numerous
conditions [10] are known to be equivalent to the characterization given by Erdős and Gallai. The set of conditions in
Theorem [3] below are easily seen to be equivalent to the more usual versions of the Edrős–Gallai characterization.
Theorem 1.1 (Erdős and Gallai [3]). A sequence x1, x2, . . . , xn of real numbers is the degree sequence of a graph of order n if and
only if:
(a) xi is an integer for 1 ≤ i ≤ n;
(b)
∑n
i=1 xi is even;
(c) for all disjoint subsets S and T of {1, 2, . . . , n},∑
i∈S
xi −
∑
j∈T
xj ≤ |S|(n− 1− |T |);
and
(d) xi ≥ 0 for 1 ≤ i ≤ n.
In [8], Koren showed the following.
Theorem 1.2 (Koren [8]). The set of all n-tuples of real numbers satisfying conditions (c) and (d) in Theorem 1.1 is the convex
hull of degree sequences of graphs of order n.
Signed degree sequences of signed graphswere studied in [6] and it was shown that a sequence of real numbers is the degree
sequence of a signed graph if and only if the sequence satisfies the system of inequalities given in the following theorem. A
more general result is given in [6] and we re-state it here as needed for this paper.
Theorem 1.3 (Hoffman and Jordon [6]). A sequence x1, x2, . . . , xn is the degree sequence of a signed graph if and only if:
(1) xi is an integer for 1 ≤ i ≤ n;
(2)
∑n
i=1 xi is even; and
(3) for all disjoint subsets S and T of {1, 2, . . . , n},∑
i∈S
xi −
∑
j∈T
xj ≤ |S|(n− 1)+ |T |(n− 1)− 2|S||T |.
Definition 1.4. Let Pn ⊆ Rn denote the set of all n-tuples (x1, x2, . . . , xn) such that for all disjoint subsets S, T of
{1, 2, . . . , n},∑
i∈S
xi −
∑
j∈T
xj ≤ |S|(n− 1)+ |T |(n− 1)− 2|S||T |. (1)
In Section 2 of this paper we examine several properties of Pn and prove our main result (analogous to Theorem 1.2) in
Theorem 2.7 which states that Pn is the convex hull of degree sequences of signed graphs of order n. A system of inequalities
is given in [9] which characterizes the imbalance sequences of directed graphs. In Section 3we use a natural correspondence
between labeled signed graphs and labeled directed graphs to point out that the convex hull of imbalance sequences of
directed graphs is given by the set of all solutions to the system of inequalities given in [9].
2. The vertices of Pn
We first establish some properties of Pn. Let 0 = (0, 0, . . . , 0) ∈ Rn.
Lemma 2.1. Let n ≥ 1 be an integer.
(a) Pn is bounded (hence it is a polytope).
(b) 0 ∈ Pn.
Proof. To prove (a), it is sufficient to prove that if (x1, x2, . . . , xn) ∈ Pn then −(n − 1) ≤ xi ≤ n − 1 for 1 ≤ i ≤ n. By
choosing S = {i}, for i = 1, 2, . . . , n, and T = ∅, inequality (1) yields xi ≤ n− 1. By reversing the roles of S and T , we obtain
−(n− 1) ≤ xi. Thus, Pn is a polytope.
Next, wemust prove 0∈ Pn. To do so, it suffices to show that 0 ≤ a(n−1)+b(n−1)−2ab for all a, b ≥ 0with a+b ≤ n.
First suppose that a = 0. Then 0 ≤ b(n− 1) since b, n− 1 ≥ 0. Now suppose a > 0. Then na− (a+ b) ≥ 0. Since a+ b ≤ n,
we may assume, without loss of generality, that a ≤ n/2. Then 2ab ≤ nb + na − (a + b) = a(n − 1) + b(n − 1). Thus,
0 ≤ a(n− 1)+ b(n− 1)− 2ab or 0 ∈ Pn. 
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The next lemma will allow us to make some assumptions about the coordinates of the n-tuples in Pn. The proof follows
easily from inequality (1) in Section 1 and is therefore omitted.
Lemma 2.2. Let σ = (x1, x2, . . . , xn) ∈ Pn.
(a) Any permutation of the components of σ is in Pn.
(b) −σ = (−x1,−x2, . . . ,−xn) ∈ Pn.
Thus, by Lemma 2.2, we may assume, without loss of generality, that if σ = (x1, x2, . . . , xn) ∈ Pn, then n − 1 ≥ x1 ≥
x2 ≥ · · · ≥ xn ≥ −(n− 1) and for all non-negative integers a and bwith a+ b ≤ n,
a∑
i=1
xi −
n∑
j=n−b+1
xj ≤ a(n− 1)+ b(n− 1)− 2ab. (2)
Next, we determine the dimension of Pn. The following proof is analogous to the proof of the corresponding result for
graphs found in [8].
Lemma 2.3. For n = 1, 2, we have dim(Pn) = n− 1 and for n ≥ 3, we have dim(Pn) = n.
Proof. First, it is clear that for n = 1, we have P1 = {0}, so the dimension of P1 is 0. Next, let n = 2 and let (x1, x2) ∈ P2. Let
S = {1} and T = {2}, so that inequality (2) gives x1 − x2 ≤ 0. Interchanging S and T , we obtain x2 − x1 ≤ 0. Hence, x1 = x2,
so P2 is the line segment from (−1,−1) to (1, 1). Thus, dim(P2) = 1.
Next, let n ≥ 3. We will show that 0 is an interior point of Pn, by showing that the inequalities in (2) are strict. There are
three cases to consider.
Case 1. Suppose a = 0 and b > 0 or b = 0 and a > 0. First suppose that a = 0 and b > 0. Then
a(n− 1)+ b(n− 1)− 2ab = b(n− 1) > 0.
The proof is similar when b = 0 and a > 0.
Case 2. Suppose 0 < a ≤ (n− 1)/2 and b > 0 or 0 < b ≤ (n− 1)/2 and a > 0. Thus,
a(n− 1)+ b(n− 1)− 2ab ≥ a(n− 1)+ b(n− 1)− (2(n− 1)/2)b
= a(n− 1) > 0.
The proof is similar when 0 < b ≤ (n− 1)/2 and a > 0.
Case 3. Suppose a, b > (n− 1)/2, so that a = b = n/2. Since n ≥ 3,
a(n− 1)+ b(n− 1)− 2ab = n(n− 2)/2 > 0.
Therefore, in all cases we see that 0 satisfies inequality (1) strictly, i.e., 0 is an interior point of Pn. Since Pn has a non-empty
interior and Pn ⊆ Rn, it must be that dim(Pn) = n. 
In this section, we characterize the vertices of Pn and show that, for a positive integer n, the convex hull of degree
sequences of signed graphs of order n is in fact Pn. We do this by showing that every vertex of Pn is the degree sequence of
some signed graph of order n. We begin by determining some useful information about the vertices of Pn.
Lemma 2.4. If σ = (x, x, . . . , x) ∈ Pn then σ is a vertex of Pn if and only if x = n− 1 or x = −(n− 1).
Proof. First, assume that x = n − 1. Suppose, to the contrary, σ is not a vertex. Then σ = (1/2)α + (1/2)β for some
α, β ∈ Pn with α 6= β . Let α = (a1, a2, . . . , an) and β = (b1, b2, . . . , bn). So, n − 1 = ai/2 + bi/2, or 2(n − 1) = ai + bi.
Since ai, bi ≤ n − 1, it must be that ai = bi = n − 1, for 1 ≤ i ≤ n, contradicting α 6= β . A similar contradiction occurs
when x = −(n− 1). Thus, σ is a vertex of Pn.
Conversely, assume that σ = (x, x, . . . , x) is a vertex of Pn. First, from Theorem 18.1 in [2], since σ is a vertex of Pn, there
exist integers a and b, with 1 ≤ a + b ≤ n, such that there is equality in (1), i.e. ax − bx = a(n − 1) + b(n − 1) − 2ab for
some a, b. We must show that x = n− 1 or x = −(n− 1). Suppose to the contrary that x 6= n− 1 and x 6= −(n− 1). Then
in particular, x ≤ n− 2.
First, it must be the case that a < n, for otherwise if a = n, then b = 0 so that nx = n(n− 1), i.e., x = n− 1. Next, since
x ≤ n− 2, then a(n− 1)+ b(n− 1)− 2ab < (a− b)(n− 1). Hence, (n− 1)(2b) < 2ab, i.e. n− 1 < a. However, this implies
n = a producing a contradiction. Therefore, we must have x = −(n− 1) or x = n− 1. 
The following lemma is used in the proof of Lemma 2.6 which shows that if σ = (x1, x2, . . . , xn)with x1 ≥ x2 ≥ · · · ≥ xn
is a vertex of Pn, then x1 = n− 1 or xn = −(n− 1).
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Lemma 2.5. Let σ = (x1, x2, . . . , xn) ∈ Pn where n − 1 > x1 ≥ · · · ≥ xn > −(n − 1), x1 > xn. Let k be the largest index i,
1 ≤ i ≤ n, such that x1 = xi. Then 1 ≤ a < k implies
a∑
i=1
xi −
n∑
j=n−b+1
xj < a(n− 1)+ b(n− 1)− 2ab (3)
for all b with 0 ≤ b ≤ n− a.
Proof. Let σ = (x1, x2, . . . , xn) ∈ Pn so that σ satisfies inequality (2) for all a, b ≥ 0 with 0 < a+ b ≤ n. Before continuing,
since−(n−1) < xj < n−1 for all jwith 1 ≤ j ≤ n, we have−∑nj=n−b+1 xj < b(n−1) so that 0 < b(n−1)+∑nj=n−b+1 xj.
Let k be the largest index i such that x1 = xi. Suppose 1 ≤ a < k. The proof proceeds by induction on a. First suppose that
a = 1, and since a < k, it must be that k ≥ 2. First suppose that b = n− 1. Now, since x1 = x2,
x1 −
n∑
j=2
xj = −
n∑
j=3
xj < (n− 1)(n− 3) < (n− 1)(n− 2) = (n− 1)+ (n− 1)2 − 2(n− 1).
Now let b be an integer with 0 ≤ b < n− 1. Since b < n− 1, inequality (2) holds for a+ 1 = 2 and b as well so
2x1 −
n∑
j=n−b+1
xj ≤ 2(n− 1)+ b(n− 1)− 4b,
or
2x1 ≤ 2(n− 1)+ b(n− 1)− 4b+
n∑
j=n−b+1
xj.
Thus
x1 ≤ (n− 1)+ b(n− 1)2 − 2b+
1
2
(
n∑
j=n−b+1
xj
)
< (n− 1)+ b(n− 1)− 2b+
n∑
j=n−b+1
xj,
since 0 < b(n− 1)+∑nj=n−b+1 xj. Assume that for 1 ≤ a− 1 < k− 1,
a−1∑
i=1
xi −
n∑
j=n−b+1
xj < (a− 1)(n− 1)+ b(n− 1)− 2(a− 1)b (4)
for all bwith 0 ≤ b ≤ n− a+ 1. We wish to show
a∑
i=1
xi −
n∑
j=n−b+1
xj < a(n− 1)+ b(n− 1)− 2ab
for all bwith 0 ≤ b ≤ n− a. If b = n− a, then since xa = xa+1,
a∑
i=1
xi −
n∑
j=a+1
xj =
a−1∑
i=1
xi −
n∑
j=a+2
xj
< (a− 1)(n− 1)+ (n− a− 1)(n− 1)− 2(a− 1)(n− a− 1)
= a(n− 1)+ (n− a)(n− 1)− 2a(n− a).
Thus, we may assume 0 ≤ b < n− a. Since σ ∈ Pn then (2) also holds for a+ 1 and b, that is,
a+1∑
i=1
xi = ax1 + x1 ≤ (a+ 1)(n− 1)+ b(n− 1)− 2(a+ 1)b+
n∑
j=n−b+1
xj.
Hence, multiplying by a/(a+ 1), we obtain
ax1 ≤ a(n− 1)+ aa+ 1b(n− 1)− 2ab+
a
a+ 1
n∑
j=n−b+1
xj
< a(n− 1)+ b(n− 1)− 2ab+
n∑
j=n−b+1
xj.
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Note that the last inequality follows since b(n− 1)+∑nj=n−b+1 xj > 0. Thus for an integer awith 1 ≤ a < k,
a∑
i=1
xi −
n∑
j=n−b+1
xj < a(n− 1)+ b(n− 1)− 2ab
for all bwith 0 ≤ b ≤ n− a. 
We now show that if σ = (x1, x2, . . . , xn) is a vertex of Pn with x1 ≥ x2 ≥ · · · ≥ xn, then x1 = n− 1 or xn = −(n− 1).
Lemma 2.6. Let σ = (x1, x2, . . . , xn) ∈ Pn. If n− 1 > x1 ≥ · · · ≥ xn > −(n− 1), then σ is not a vertex of Pn.
Proof. Again, the proof presented here is similar to the analogous result given in [8]. There are four cases to consider.
Case 1. Suppose x1 = xn. The proof follows from Lemma 2.4.
Case 2. Suppose x1 > x2 ≥ xn−1 > xn. Since σ ∈ Pn, then σ satisfies inequality (2) for all a, b ≥ 0 and 0 < a+ b ≤ n. Note
that since n−1 > x1 ≥ · · · ≥ xn > −(n−1) it must be that when a = 0 or b = 0 then inequality (2) is strict. Choose δ ∈ R
with δ > 0 such that the following conditions hold:
(a) n− 1 > x1 + δ
(b) x1 − δ > x2
(c) xn−1 − δ > xn
(d) xn − δ > −(n− 1).
Then σ1 = (x1+δ, x2, . . . , xn−1, xn+δ) and σ2 = (x1−δ, x2, . . . , xn−1, xn−δ) satisfy inequality (2), and hence σ1, σ2 ∈ Pn.
However, σ = (1/2)σ1 + (1/2)σ2 so that σ is not a vertex of Pn.
Case 3. Suppose x1 > x2 and xn−1 = xn. Then we consider (−xn,−xn−1, . . . ,−x1) and use the following case, along with
Lemma 2.2.
Case 4. Suppose x1 = · · · = xk > xk+1 for 2 ≤ k ≤ (n − 1). As above and by Lemma 2.5, there exists a δ ∈ R with δ > 0
such that the following conditions hold:
(a) n− 1 > xk + δ
(b) xk − δ > xk+1
(c)
∑a
i=1 xi −
∑n
j=n−b+1 xj + 2δ < a(n− 1)+ b(n− 1)− 2ab for all a and bwith 1 ≤ a ≤ k and 0 ≤ b ≤ n− a.
Let σ1 = (x1+δ, x2, . . . , xk−δ, xk+1, . . . , xn) and note that σ1 satisfies inequality (2) so that σ1 ∈ Pn. Thus, from Lemma 2.2,
we have σ2 = (x1− δ, x2, . . . , xk+ δ, xk+1, . . . , xn) ∈ Pn. Hence, σ = (1/2)σ1+ (1/2)σ2, and so σ is not a vertex of Pn. 
We have now established all the preliminaries necessary for proving that Pn is the convex hull of degree sequences of
signed graphs of order n. The proof now proceeds by showing that every vertex of Pn corresponds to the degree sequence of
some signed graph of order n.
Theorem 2.7. The set of all n-tuples of real numbers satisfying condition (c) in Theorem 1.3 is the convex hull of degree sequences
of signed graphs of order n.
Proof. First note that the set of all n-tuples of real numbers satisfying condition (c) in Theorem 1.3 is precisely the polytope
Pn, and we have seen that Pn is convex in Lemma 2.1. It remains to prove that Pn is the convex hull of degree sequences of
signed graphs of order n. Observe that it is enough to show that each vertex of Pn is the degree sequence of some signed
graph. Let σ = (x1, x2, . . . , xn) be a vertex of Pn. By Lemma 2.2, we may assume that x1 ≥ x2 ≥ · · · ≥ xn. We show that
xi ∈ Z for all i and∑ni=1 xi is even. The proof proceeds by induction on n.
For n = 1, (0) is the only vertex, while for n = 2, (−1,−1) and (1, 1) are the only vertices. Clearly there are signed graphs
of orders 1 and 2 respectively with degree sequences 0;−1,−1; and 1, 1. Thus, the theorem clearly holds for n = 1, 2. Next,
let n be a positive integer and assume that the theorem is true for all k with 1 ≤ k ≤ n − 1. From Lemma 2.6, since σ is a
vertex of Pn, either x1 = n− 1 or xn = −(n− 1).
First suppose that x1 = n − 1, and consider σ ′ = (x2 − 1, x3 − 1, . . . , xn − 1). It is easy to verify that σ ′ ∈ Pn−1,
and we claim that σ ′ is also a vertex of Pn−1. To prove this, we must exhibit non-negative integers a′1, b
′
1, . . . , a
′
q, b
′
q with
a′` + b′` ≤ n− 1 for 1 ≤ ` ≤ q such that σ ′ is the unique solution to the system of equalities
a′`∑
i=1
yi −
n−1∑
j=n−b′`
yj = a′`(n− 2)+ b′`(n− 2)− 2a′`b′`
for ` = 1, 2, . . . , q. Since σ is a vertex of Pn, there exist non-negative integers a1, b1, . . . , ah, bh such that at + bt ≤ n and
at∑
i=1
xi −
n∑
j=n−bt+1
xj = at(n− 1)+ bt(n− 1)− 2atbt (5)
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for each t = 1, 2, . . . , h, and σ is the unique solution to the system of equations given by (5). Note that at 6= 0 for any t since
otherwise−∑nj=n−bt+1 xj = bt(n − 1), then xj = −(n − 1) for all j with n − bt + 1 ≤ j ≤ n. In particular, xn = −(n − 1)
which then implies x1 − xn = 2(n − 1). However, since σ ∈ Pn, we have that σ satisfies inequality (2) for a = b = 1, that
is, x1 − xn ≤ 2(n− 2). Thus, at ≥ 1 for 1 ≤ t ≤ h.
Now, from the equations given in (5), for each t = 1, 2, . . . , h, we have
(n− 1)+
at∑
i=2
(xi − 1)−
n∑
j=n−bt+1
(xj − 1)+ (at − 1)− bt = at(n− 1)+ bt(n− 1)− 2atbt
or
at∑
i=2
(xi − 1)−
n∑
j=n−bt+1
(xj − 1) = (at − 1)(n− 1)+ bt(n− 1)− 2atbt − (at − 1)+ bt
= (at − 1)(n− 2)+ bt(n)− 2atbt
= (at − 1)(n− 2)+ bt(n− 2)+ 2bt − 2atbt
= (at − 1)(n− 2)+ bt(n− 2)− 2(at − 1)bt .
Next, suppose that there exists φ′ = (y2, y3, . . . , yn) 6= σ ′ ∈ Pn−1 that also satisfies this same system of equations, that is,
at∑
i=2
yi −
n∑
j=n−bt+1
yj = (at − 1)(n− 2)+ bt(n− 2)− 2(at − 1)bt
for each t = 1, 2, . . . , h. Then,
(n− 1)+
at∑
i=2
(yi + 1)−
n∑
j=n−bt+1
(yj + 1) = at(n− 1)+ bt(n− 1)− 2atbt
for each t = 1, 2, . . . , h so that φ = (n − 1, y2 + 1, . . . , yn + 1) is also a solution to the system of equations given by (5).
However, φ 6= σ , contradicting the uniqueness of σ . Thus, σ ′ must be a vertex of Pn−1.
Then, by hypothesis, we have x2 − 1, . . . , xn − 1 ∈ Z and∑ni=2(xi − 1) is even. Thus, we clearly have x1, x2, . . . , xn ∈ Z
and
∑n
i=1 xi is even. Hence, σ is the degree sequence of a signed graph of order n. The case when xn = −(n − 1) is proved
similarly. Therefore, Pn is the convex hull of degree sequences of signed graphs of order n. 
In [8], Koren showed that the extreme points of the convex hull of degree sequences of graphs were uniquely realizable.
We will show that the same result is true for signed graphs, that is, the signed graphs corresponding to the extreme points
of Pn are uniquely realizable, where we shall use the following definition of uniqueness (the same definition as given in [8]).
Let σ = (x1, x2, . . . , xn) ∈ Rn. A realization of σ is a signed graph Gwith vertex set {v1, v2, . . . , vn} such that sdeg(vi) = xi
for i = 1, 2, . . . , n. Let G be a realization of σ . Then, G is unique if whenever G′ is another realization of σ , then E(G) = E(G′).
Let G be a signed graph and for any v ∈ V (G), define
N+(v) = {w ∈ V (G)|vw+ ∈ E(G)}
N−(v) = {u ∈ V (G)|vu− ∈ E(G)}.
The following lemma follows from Theorem 3 in [11] and is used in the proof of Theorem 2.9.
Lemma 2.8. Let (x1, x2, . . . , xn) be the degree sequence of a signed graph where n− 1 ≥ x1 ≥ x2 ≥ · · · ≥ xn and |x1| ≥ |xn|.
Then there exists a signed graph G such that, for 1 ≤ i ≤ n
N+(vi) =
{{vk|1 ≤ k ≤ n}, xi < i
{vk|1 ≤ k ≤ xi +m+ 1, k 6= i}, xi ≥ i
N−(vi) =
{{vk|n−m+ 1 ≤ k ≤ n}, xi < n−m+ 1
{vk|n−m ≤ k ≤ n}, xi ≥ n−m+ 1
where m ≥ 0 is the maximum integer such that
xx1+m+1 > xn−m+1.
We now show that the vertices of Pn have a unique realization.
Theorem 2.9. Let σ = (x1, x2, . . . , xn) ∈ Pn. Then σ is a vertex of Pn if and only if σ has a unique realization. Moreover, for
any vertex σ ∈ Pn, the underlying graph of the realization of σ is Kn.
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Proof. First assume that σ is a vertex of Pn. To show that the realization of σ is unique, we will proceed by induction on
n. Since σ is a vertex of Pn, we may assume without loss of generality that x1 ≥ x2 ≥ · · · ≥ xn and x1 = n − 1 or
xn = −(n − 1). First consider the case when x1 = n − 1. The claim is clearly true for n = 1, 2. For n = 3, the vertices of
Pn are (2, 0, 0), (0, 0,−2), (2, 2, 2) and (−2,−2,−2) and it is easy to verify that the signed graphs corresponding to these
vertices are unique.
Let n ≥ 3 be an integer and assume that the claim is true for all k with 1 ≤ k ≤ n − 1. Let G and G′ be two realizations
of σ . As in the proof of Theorem 2.7, we have that σ ′ = (x2 − 1, . . . , xn − 1) is a vertex of Pn−1 and hence has a unique
realization by the induction hypothesis. Now G− v1 and G′ − v1 are two realizations of σ ′ since sdeg(v1) = n− 1. Since σ ′
has a unique realization, E(G− v1) = E(G′ − v1) so that E(G) = E(G′). The proof follows similarly when xn = −(n− 1).
We now show that if σ has a unique realization, then σ is a vertex of Pn. Suppose σ is not a vertex. If n − 1 > x1 and
xn > −(n − 1), then from Lemma 2.8, there exist realizations G1 and G2 of σ such that v1v+n 6∈ E(G1) while vnv+1 ∈ E(G2).
Thus there exist two distinct realizations of σ .
Next, we consider the case when x1 = n − 1 or xn = −(n − 1). Assume first that x1 = n − 1. For n = 1, 2, 3, it is
easy to verify that the non-vertices of Pn have more than one realization. Similarly to the proof above and using induction,
σ ′ = (x2 − 1, . . . , xn − 1) is not a vertex of Pn−1 and hence has more than one realization. Therefore, σ has more than one
realization. The proof is similar when xn = −(n− 1).
Using induction, it is easy to see that the underlying graph of the realization of a vertex σ of Pn is Kn. 
Remark. As a consequence of Theorems 2.7 and 2.9, we can recursively generate all vertices of Pn. Recall that if x1 = n−1
then (x1, x2, . . . , xn) is a vertex of Pn if and only if (x2− 1, x3− 1, . . . , xn− 1) is a vertex of Pn−1. Similarly, if xn = −(n− 1)
then (x1, x2, . . . , xn) is a vertex of Pn if and only if (x1+1, x2+1, . . . , xn−1+1) is a vertex of Pn−1. Using these observations,
then exactly half of all extreme points of Pn are obtained from the extreme points of Pn−1 by creating new sequences with
n− 1 as the first coordinate and adding 1 to the remaining n− 1 coordinates. The remaining vertices of Pn are formed in a
similar fashion from the vertices of Pn−1 by creating new sequences with−(n− 1) as the last coordinate and subtracting 1
from the first n − 1 coordinates. This implies that Pn has 2n−1 vertices whose coordinates are in non-increasing order, the
same number as determined by Koren [8] for the polytope for degree sequences of graphs.
3. Directed graphs
First, note there is a one-to-one correspondence between labeled signed graphs and labeled digraphs. Let G be a signed
graphwith vertices v1, v2, . . . , vn. Thenwe form the corresponding digraphD as follows. The vertices ofD are v1, v2, . . . , vn
and for each edge viv+j ∈ E(G), with i < j, place the arc (vi, vj) ∈ E(D); for each edge viv−j ∈ E(G), with i < j, place the arc
(vj, vi) ∈ E(D). In a similar fashion, we can construct a labeled signed graph G from a given labeled digraphD. Thus, from the
second part of Theorem 2.9, the realization of each vertex of Pn corresponds to a tournament, an orientation of the complete
graph.
In this section, we shall investigate a polytope concerning digraphs, in particular imbalance sequences of digraphs. First,
we give the following result concerning the vertices of Pn. The proof is straightforward by induction, so it is omitted.
Lemma 3.1. Let σ be a vertex of Pn, and let G be the realization of σ . The imbalance sequence of the directed graph corresponding
to G is some permutation of n− 1, n− 3, . . . , n− (2n− 1).
In [9], imbalance sequences are characterized by the system of inequalities given in the following theorem.
Theorem 3.2 (Mubayi, Will, and West [9]). Let σ = (x1, x2, . . . , xn) ∈ Rn with x1 ≥ x2 ≥ · · · ≥ xn. Then σ is the imbalance
sequence of a digraph if and only if:
(a) xi is an integer for i = 1, 2, . . . , n;
(b)
∑n
i=1 xi = 0; and
(c)
∑k
i=1 xi ≤ k(n− k) for k = 1, 2, . . . , n− 1.
Let Dn ⊆ Rn denote the set of all n-tuples such that when the coordinates are listed in non-increasing order, they satisfy
conditions (b) and (c) of Theorem 3.2. It is easy to verify that Dn is a polytope since n − 1 ≥ xi ≥ −(n − 1) for 1 ≤ i ≤ n
for each (x1, . . . , xn) ∈ Dn. As in the case of signed graphs, it turns out that Dn is the convex hull of imbalance sequences
of digraphs of order n, yet there is an interesting difference: the extreme points of Dn do not have unique realizations. For
example, (3,−1,−1,−1) is a vertex of D4 yet (3,−1,−1,−1) has two distinct realizations.
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